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Abstract
A new model for calculating the coefficients of thermal expansion, CTE, in all three coordinate directions is developed for composites con-
taining non-axisymmetric, ellipsoidal particles, i.e., three-dimensional ellipsoids (a1 s a2 s a3) characterized by two aspect ratios, ra ¼ a1=a3

and rb ¼ a1=a2. The model makes use of Eshelby’s equivalent tensor for the particles and utilizes the methodology from recent papers by Lee
et al. The effects of the primary, ra, and secondary, rb, aspect ratios and filler volume fraction (0e6%) on the various CTE for nanocomposites
containing aligned inclusions are demonstrated by calculations for a matrix of nylon 6 and a filler of montmorillonite single platelets. The CTE
in the longitudinal direction, a11, decreases, as both aspect ratios increase. The CTE in the transverse direction, a22, decreases as ra increases but
increases as rb increases. The CTE in the normal direction, a33, is greater than that of the matrix and increases as ra increases but decreases as
rb increases.
� 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Developing polymer-based composites and understanding
their mechanical and thermal behavior in terms of the proper-
ties of the polymer matrix and the filler have been of active in-
terest for decades [1e33]. The majority of the literature has
been concerned with the mechanical properties of composites;
however, thermal expansion behavior is of growing concern
particularly for automotive applications where plastic and
metal parts are used together [30e32]. The thermal expansion
of composites depends on the elastic and thermal properties of
the matrix and filler (or inclusions) plus the geometry, concen-
tration and orientation of the filler particles.
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Much of the prior literature has focused on fiber reinforce-
ment, but with the advent of nanocomposites containing inclu-
sions of montmorillonite-based organoclays (MMT), there is
a growing interest in fillers with other shapes, like platelets
[10,11]. The particle shapes in nanocomposites based on
clay may be irregular with no axes of symmetry. Moreover
there is a distribution of particle sizes. The objective here is
to extend the recent work by Lee et al. [1,4] to develop a model
for calculating the coefficients of linear thermal expansion,
CTE, in all three coordinate directions for polymer composites
containing aligned non-axisymmetric, ellipsoidal particles of
uniform size but with no axes of symmetry characterized by
two aspect ratios as illustrated in Fig. 1. Previously developed
theories, including Eshelby’s equivalent tensor [2], and Morie
Tanaka’s average stress [3] will be used in ways illustrated in
previous papers [1,4]. The effects of the aspect ratios on the
CTE of nanocomposites containing aligned and well-bonded
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Fig. 1. Schematic of the ellipsoidal inclusions, or filler particles, characterized

by two aspect ratios: a primary aspect ratio ra ¼ a1=a3 and a secondary aspect

ratio rb ¼ a1=a2. These coordinate directions are described in the text as the

longitudinal (x1), transverse (x2), and normal (x3) directions.
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inclusions with the properties of MMT in a polymer matrix
with the properties of nylon 6 are examined including the lim-
iting cases of spherical, fiber-like and disc-like ellipsoidal
shapes. The effect of exfoliated MMT platelets is quite signif-
icant even at the low loadings typical for nanocomposites. In
view of this, the calculations presented here focus on the con-
centration range below 6 vol% of MMT or 13.7 wt%. The
properties of the matrix and the filler shown in Table 1 were
taken from the literature [6,10].

2. Background

Many sophisticated analytical or numerical analyses of
composite behavior based on applied mechanics have been re-
ported in the literature; however, the work of Eshelby [2], Hill
[11] and Mori and Tanaka [3] on self-consistent approaches to
heterogeneous materials are of particular use here. A brief
summary of some of the prior theoretical and experimental
efforts relevant to the current objective is given below.

Halpin and Tsai [12], Schapery [13], Wakashima et al. [14],
Takao and Taya [15], Chow [7e9] and Tandon and Weng [6]
developed analytical methodologies to compute the effective
thermal and mechanical properties of composite materials
consisting of a matrix and aligned inclusions as a function
of particle concentration. Pierard et al. [16] and Doghri and
Tinel [17] proposed mean-field homogenization models using
Eshelby-based techniques for thermo-elastic composites,
while Li [18] used direct homogenization schemes with an ef-
fective-medium-field micromechanics approximation. Lusti
et al. [19], Dray et al. [20], and Hbaieb et al. [21] have used
finite-element based numerical approaches for nanocompo-
sites and short fiber reinforced composites. Glavche et al.
[22], and Alagar et al. [23] studied the coefficients of thermal
Table 1

Material properties of the matrix (nylon 6) and the filler (montmorillonite

platelets, MMT) used in the calculations

Density

(g/cm3)

Modulus

(GPa)

Linear

CTE� 106

(K�1)

Poisson’s

ratio

Nylon 6 1.14 Em 2.75 am 85.0 nm 0.33

MMT 2.83 Ef 178.0 af 1.67 nf 0.20

The material constants were taken from Refs. [6,10].
expansion of epoxy compositions containing various fillers as
a function of temperature and intermolecular adhesion of the
epoxy resin with the filler. Bowles and Tompkins [5] compared
the predictions from several analyses for the CTE of compos-
ites containing carbon or graphite fibers in two directions with
experimental data.

Yoon et al. [10] and Yalcin and Cakmak [24] observed by
transmission electron microscopy and atomic force micros-
copy, respectively, that particles of MMT have a complex dis-
tribution of shapes. These examples clearly indicate that, in
general, to describe such particles requires two aspect ratios.
Yoon et al. [10] and Fornes and Paul [25,26] reported experi-
mental data on the CTE and modulus of nanocomposites based
on these materials. Lee et al. [31] and Ellis and D’Angelo [32]
have reported experimental relationships between the CTE be-
havior of nanocomposites based on thermoplastic olefin (TPO)
materials and their morphology. Wei et al. [33] and Zhang and
Wang [34] investigated the CTE of polymer composites based
on carbon nanotubes by means of thermo-elastic theory and
conventional models.

In this paper, a model is developed for predicting the effects
of particle geometry on the linear CTE of composites in all
three coordinate directions, aii, plus the volumetric CTE, g,
relative to that of the matrix, am, i.e., a11=am, a22=am,
a33=am, and g=3am, using procedures described in previous
papers [1,4], for polymer nanocomposites containing aligned
ellipsoidal filler particles (a1 s a2 s a3) characterized by
two aspect ratios defined as ra ¼ a1=a3 and rb ¼ a1=a2, see
Fig. 1.

3. Basic theory

For composite materials, the average strain over an ade-
quate system volume 3ii is not equal to the strain of the poly-
mer matrix 3m

ii due to the effect of the inclusions. This problem
has to do with the perturbation strains of the matrix and filler,
which are the differences between the local strain and the av-
erage strain, and the corresponding average perturbed stresses
for the matrix and for the filler. As the temperature changes in
the absence of any external stress, the external strain, 3ij,
which is expressed by the expansional internal strain, can be
related to the coefficients of the linear thermal expansion
ðamÞii of the polymer matrix as follows [1]

3ij$dij

3m
ii

¼ aij$dij

ðamÞii
¼ 1þf

3t
ij$dij

3m
ii

ð1Þ

where 3m
ii is the strain of the polymer matrix, aij is the coeffi-

cient of linear thermal expansion of the composite material, 3t
ij

is the equivalent transformation strain of the ellipsoidal shaped
inclusions [1,6] without external volume-average stress ðs ¼
0Þ, dij is the Kronecker delta, and f is the volume fraction
of the inclusions. Note that the CTE of composites where
the matrix is anisotropic, which is frequently the case for parts
formed by injection molding [10] or other high shear stress
processing, can be calculated by using anisotropic terms for
ðamÞii in the current model.
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With the assumption that the polymer matrix is isotropic, its
coefficients of linear thermal expansion are ðamÞ11 ¼ ðamÞ22 ¼
ðamÞ33 ¼ am and the strains of the polymer matrix are 3m

11 ¼
3m

22 ¼ 3m
33 ¼ 3m, so Eq. (1) becomes

3ij$dij

3m
¼ aij$dij

am

¼ 1þf
3t

ij$dij

3m
ð2Þ

Using the concept of At
ij ¼ 3t

ij=ðamÞiiDT, corresponding to the
transformation strain tensor, 3t

ij given by Eshelby’s equivalent
principle [2], this result can be expressed as

aii

ðamÞii
¼ 1þf

3t
ij$dij

ðamÞiiDT
¼ 1þfAt

ij$dij ð3Þ

Using Eshelby’s superposition principles [2] and the Lamé
constants, the governing equation can be expressed as

�
Cf

ijkl�Cm
ijkl

�h
1þ ð1�fÞSklmnAt

ij þfAt
ij

i
þCm

ijkl At
ij ¼ 0 ð4Þ

The relation between the unknown At
ij and known parameters,

such as 3m
kl, f, Cm

ijkl, Cf
ijkl and Sklmn can be expressed by the sim-

ple matrix MIJ by using a simplified form of Eq. (4) made pos-
sible by the fact that the coefficients of linear thermal
expansion aij have physical meaning only in the x1, x2, and
x3 coordinate directions. This relationship is

MIJAt
I ¼MI4; ðI and J ¼ 1;2 and 3Þ ð5Þ

2
4

M11 M12 M13

M21 M22 M23

M31 M32 M33

3
5
2
4

At
1

At
2

At
3

3
5¼

2
4

M14

M24

M34

3
5 ð6Þ

where the simplified Cm
IJ , Eshelby’s tensor Sklmn for inclusions

with an ellipsoid-like shape, and MIJ are all explained by Lee
and Paul [4] except for MI4 which is given by

MI4 ¼�3m
1 ðD1þ 2Þ; ðI ¼ 1;2 and 3Þ ð7Þ

The components of the three by three matrix, MIJ , consist of
known parameters that can be used to calculate the ratio of
the equivalent transformation strain of the linear thermal ex-
pansion matrix At

I by using an appropriate numerical method
[35]. Finally, the coefficients of linear thermal expansion for
the composite can be calculated from Eqs. (3), (6) and (7).

The volumetric or bulk coefficient of thermal expansion of
the polymer matrix, gm, and of the composite, g, can be ob-
tained by summation of the linear CTE as follows

gm ¼ ðamÞ11þðamÞ22þðamÞ33 ð8Þ

g¼ a11þ a22 þ a33 ð9Þ

With the assumption that the polymer matrix is isotropic, the
volumetric thermal expansion coefficient of the matrix is given
by gm ¼ 3am.
4. Numerical results and discussion

The effects of the aspect ratios and the volume fraction of
ellipsoidal inclusions on the CTE are illustrated here for nano-
composites based on MMT in a nylon 6 matrix. The shape of
MMT particles can be more complex but are approximated
here as ellipsoidal particles as illustrated in Fig. 1, where we
take a1> a2> a3; such particles are geometrically character-
ized by a primary aspect ratio, ra ¼ a1=a3, and a secondary
aspect ratio, rb ¼ a1=a2. The material properties of the
MMT filler and the glassy polyamide matrix are listed in Table
1 [6,10]. In what follows, the polymer matrix is assumed to be
isotropic; however, the current model can handle composites
where the matrix is anisotropic.

Normalized linear CTE in the longitudinal direction, a11=am,
in the transverse direction, a22=am, in the normal direction,
a33=am, and the normalized bulk CTE, g=3am, are shown in
Fig. 2 as a function of the volume fraction of filler f, from 0 to
0.06, for cases where the primary aspect ratio ra¼ 10 and 100
while the secondary aspect ratio rb¼ 1, 4, or ra.

In Fig. 2(a), the normalized CTE in the longitudinal direc-
tion, a11=am, monotonically decreases for given primary and
secondary aspect ratios as filler content f increases due to the
mechanical constraint that the high modulus filler provides
against expansion of the matrix, which has a lower modulus
but a higher thermal expansion coefficient. The decrease in
CTE in this direction is less for disc-shaped inclusions (rb ¼
1, a1¼ a2) than for fiber-shaped inclusions (ra ¼ rb, a2¼ a3).
The examples for rb ¼ 4 lie in between these limits. As ex-
pected, the larger the primary aspect ratio, the greater the effects
on CTE are. The mathematical form of the current model leads
to numerical difficulties for calculations in the exact limit of disc
(a1¼ a2 or rb ¼ 1) and fiber (a2¼ a3 or ra ¼ rb) shapes; how-
ever, the results do properly extrapolate to the limits for these
axisymmetric ellipsoidal particles, see Lee et al. [1,4].

Fig. 2(b) shows that the normalized CTE in the transverse
direction, a22=am, decreases or remains nearly constant as
the volume fraction of filler f increases for shapes with
some disc-like character; however, for fiber shapes, ra ¼ rb,
the CTE in this direction increases. Thus, a22=am increases
as the secondary aspect ratio, rb, increases, i.e., as the inclu-
sions become more fiber-like. Since fibers constrain expansion
of the matrix mainly in the x1 direction, whereas discs con-
strain the matrix equally in the x1 and the x2 directions, it is
understandable that a22=am increases as the particles become
more like fibers. Fiber-shaped inclusions, which have the max-
imum secondary aspect ratio for a given primary aspect ratio,
show the largest thermal expansion in the transverse direction,
a22=am, as seen in Fig. 2(b).

Fig. 2(c) shows the normalized CTE in the normal direc-
tion, a33=am, initially increases for the primary and secondary
aspect ratios shown as the volume fraction of filler, f, in-
creases. In all cases, a33=am increases as ra increases but de-
creases as rb increases. Disc-shaped inclusions show a greater
increase in a33=am than do fiber-shaped particles. When ra ¼
100, the case of rb ¼ 4 falls between the disc and fiber limits;
however, this is not so clear for the case of ra ¼ 10. It is
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important to reiterate that for fibers a22=am ¼ a33=am, due to
symmetry about the x1 axis, while for discs a22=am ¼ a11=am

due to the symmetry about the x3 axis.
As seen in Fig. 2(d), the normalized bulk CTE, g=3am, de-

creases as the volume fraction of filler, f, increases for all
values of the primary and secondary aspect ratios. The bulk
expansion decreases as ra increases but increases as rb in-
creases. Discs cause a greater reduction in volumetric expan-
sion than fibers. The three linear CTEs show different trends
caused by mechanical constraint in some directions and
squeezing out in other directions; however, in computing the
bulk expansion coefficient from the sum of the linear CTE
there is a tendency for cancellation of these positive and neg-
ative effects. Thus, g=3am shows much less effect from adding
inclusions than do the linear coefficients.

In the remaining examples, the effect of the particle aspect
ratios on the various thermal expansion coefficients, at a fixed
filler volume fraction, f ¼ 0:015, will be demonstrated with
particular emphasis on the cases in between fibers and discs
by varying rb. Normalized linear CTE are shown in Fig. 3
as a function of the secondary aspect ratio, rb, for a given pri-
mary aspect ratio, ra ¼ 100, and given volume fraction of
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filler, f ¼ 0:015. The effects of the secondary aspect ratio on
the linear CTE in various directions [1] are clearly seen here
even for this low loading of MMT. The longitudinal CTE,
a11=am, smoothly changes from the value for a fiber-shaped
inclusion to that of a disc-shaped one as rb decreases from
100 to 1. For the disc-shape, where a1¼ a2 and rb ¼ 1,
a11=am ¼ a22=am. The transverse CTE, a22=am, increases
from the value of a disc-shaped inclusion to that of a fiber-
shaped one as rb increases from 1 to 100. For the fiber-shaped
inclusion where a2¼ a3 and ra ¼ rb, a22=am ¼ a33=am. The
normal direction CTE, a33=am, goes smoothly from the value
of a disc-shaped inclusion to that of a fiber shape as rb de-
creases from 100 to 1. The effects of the secondary aspect ratio
will be addressed more fully later.

In Fig. 4, the linear CTE ratios, are shown as a function of
the primary aspect ratio ra for a given volume fraction f ¼
0:015 and a secondary aspect ratio rb ¼ 4 by the solid lines
and compared with those for disc-shaped (short dashes) and
fiber-shaped (long dashes) inclusions. The CTE ratio in the
longitudinal direction, a11=am, monotonically decreases as ra

increases; it is greater than that for fiber-shaped inclusions
and less than that for the disc-shaped particles, due to the dif-
ferences in longitudinal constraint. As ra increases to values
of the order of 1000, a11=am approaches a limiting value al-
most like that for the disc-shaped inclusion. In the limit of
very high aspect ratios, the model correctly converges to the
limit of a simple parallel model. As ra increases, the CTE ra-
tio in the transverse direction, a22=am, decreases like a11=am,
but not as strongly until high aspect ratios are reached; its
value at given aspect ratio is greater than that for the corre-
sponding disc-shaped inclusion but less than that for the fiber
shape. At high values of ra, a22=am approaches a limiting
value like a11=am for similar reasons. The CTE ratio in the
normal direction, a33=am, increases as ra increases, because
of the restraint caused by the inclusion in the x1 and, to
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Fig. 4. Normalized coefficients of linear thermal expansion in the longitudinal

direction, a11=am, in the transverse direction, a22=am, and in the normal direc-

tion, a33=am, as a function of the primary aspect ratio ra for a given volume

fraction f ¼ 0:015 and a secondary aspect ratio rb ¼ 4. The results are also

compared with the limiting cases of the disc- and fiber-shaped inclusions.
some extent, the x2 directions which squeezes the composite
outwardly in the x3 direction. For a given ra, a33=am is less
than that for the disc-shaped inclusion but approaches this lim-
iting value as ra becomes vary large. For ra < 10, all of the
linear CTEs are not much different from that of the matrix
at this low loading of filler, f ¼ 0:015.

Fig. 5 shows the various normalized CTEs as functions
of the primary aspect ratio, ra, for a given volume fraction,
f ¼ 0:015, and specific secondary aspect ratios such as rb ¼
2; 4; 8 and 16; the limits for disc- and fiber-shaped inclusions
are also shown. As ra increases, expansion in the longitudinal
direction, a11=am, decreases for all secondary aspect ratios,
and for the fiber- and disc-shaped models as seen in
Fig. 5(a). As rb increases for a given ra, a11=am decreases
from the upper limit of the disc-shaped inclusion to the lower
limit of the fiber-shaped one. The effect of the constraint by
the filler becomes larger in the longitudinal (x1) direction as
rb increases. As ra becomes very large, a11=am for the sec-
ondary aspect ratios approaches the limit for disc-shaped in-
clusions, as shown in Fig. 4. Fig. 5(b) shows that as ra

increases the CTE in the transverse direction, a22=am, in-
creases for the case of the fiber-shaped inclusions; however,
it decreases for the case of disc-shaped particles. As rb in-
creases for a given ra, a22=am increases from the lower limit
of disc-shaped inclusions to the upper limit of fiber-shaped
particles. As ra becomes very large, a22=am converges to the
limit of the disc-shaped inclusions like a11=am. The CTE in
the normal direction, a33=am, increases as ra increases for
all secondary aspect ratios as shown in Fig. 5(c). As rb in-
creases for a given ra, a33=am decreases. At low ra, the value
of a33=am can be slightly lower than predicted for fibers; how-
ever, as ra becomes very large, the curves for any fixed rb

eventually approaches the disc-shaped limit. The bulk CTE ra-
tio, g=3am, decreases as ra increases for all given secondary
aspect ratios as seen in Fig. 5(d). As rb increases for a given
ra, g=3am increases. At low ra, the bulk coefficients for a given
rb may lie slightly above the fiber-shaped limit; but as ra

becomes very large, each curve for a given rb approaches
the disc-shaped limit. As seen in Figs. 2(d) and 5(d), g=3am

is much less influenced by addition of filler regardless of as-
pect ratios than the linear coefficients due to the compensating
effects.

The effects of the secondary aspect ratio, rb, on the various
normalized CTEs are shown more directly in Fig. 6 by plotting
the thermal expansion as a function of the secondary aspect ra-
tio, rb, for given primary aspect ratios, ra, at a volume fraction
of filler f ¼ 0:015. The limits for spheres (the point where ra

¼ rb ¼ 1), discs (the bold dotted line along which rb ¼ 1), and
fibers (the bold line along which rb ¼ ra) are shown. In
Fig. 6(a), a11=am always decreases as rb increases for a fixed
ra. In Fig. 6(b), as rb increases for a fixed ra, the transverse
CTE a22=am always increases in contrast to the behavior of
a11=am shown earlier. The CTE in the normal direction,
a33=am, decreases as rb increases as shown in Fig. 6(c). For
a fixed ra, the bulk CTE, g=3am, generally increases as rb in-
creases and eventually merges with the curve for fiber-shaped
particles as seen in Fig. 6(d).
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Fig. 6. Normalized coefficients of thermal expansion in the (a) longitudinal direction, a11=am, in the (b) transverse direction, a22=am, and in the (c) normal di-

rection, a33=am, and the (d) bulk coefficient of thermal expansion, g=3am, versus the secondary aspect ratio from rb ¼ 1 to rb ¼ ra for fixed values of the primary

aspect ratio from ra ¼ 25 to ra ¼ 1600 at a volume fraction of MMT filler of f ¼ 0:015.
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5. Conclusion

Using concepts described in prior papers [1,4], a model was
developed here for calculating all three linear coefficients of
thermal expansion, CTE, of composites based on aligned
non-axisymmetric ellipsoids (a1> a2> a3), characterized by
two aspect ratios, ra and rb, as the inclusions. The basic model
treats the case where the matrix polymer is anisotropic in its
properties; however, matrix isotropy was assumed in all exam-
ple calculations. The effects of the primary and secondary as-
pect ratios of the filler particles, over a filler volume fraction
range of 0e6%, were illustrated by sample calculations for
a matrix with properties of nylon 6 and a filler with the prop-
erties of single platelets of montmorillonite clay. In this exam-
ple, the filler has considerably higher values of modulus and
lower CTE than the polymer matrix.

The CTE in the longitudinal direction, a11, of these com-
posites decreases as the volume fraction of filler f increases
due to the constraint imposed by the inclusions. The CTE in
the normal direction, a33, increases as f increases due to
‘‘squeezing’’ out of the matrix driven by the constraint in
the longitudinal direction. The CTE in the transverse direction,
a22, is more complex and may increase or decrease with f de-
pending on the shape of the filler. The bulk or volumetric CTE,
g, is the sum of the three CTEs and always involves algebra-
ically adding positive and negative changes with the result be-
ing that filler loading has much less effect on the volumetric
thermal expansion than the case for the various linear coeffi-
cients of thermal expansion. At the low loadings used in nano-
composites, the various CTEs are rather similar to that of the
matrix until the primary aspect ratio, ra, exceeds about 10.
The CTE reach limiting values when ra becomes of the order
of 103. As the secondary aspect ratio goes from rb ¼ 1 to rb ¼
ra, the model calculations show that CTE values in any coor-
dinate direction go smoothly from the limit of a disc-shape
ðrb ¼ 1Þ to the limit of a fiber-shape ðrb ¼ raÞ.
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